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CLASSIFYING TERMINAL WEIGHTED PROJECTIVE SPACE 

ALEXANDER M. KASPRZYK 

Abstract. We present a classification of all weighted projective spaces witli at worst ter- 
minal or canonical singularities in dimension four. As a corollary we also classify all four- 
dimensional one-point lattice simplices up to equivalence. Finally, we classify the terminal 
f~^ . Gorenstein weighted projective spaces up to dimension ten. 

(N; 

u ■ 

<^ ! 1. Introduction 

^__i I In this paper we classify weighted projective spaces X = P(Ao, Ai, . . . , An) with terminal or 

I canonical singularities. The reader, however, need have no knowledge of the geometry involved 

r^ ' for, as we justify below, we rapidly move to the language of combinatorics and lattice simplices 

■^ ' with one interior lattice point. Whichever viewpoint one takes, these are important and natural 

r~| ' objects about which surprisingly little is known beyond dimension three. In f|2] we prove a 

C^ • number of combinatorial conditions on the weights of X; these are used in ^ to classify all 

^ ' four-dimensional weighted projective spaces with at worst terminal or canonical singularities. 

Finally ^ and ^ are dedicated to classifying terminal Gorenstein weighted projective spaces, 

^~^ ■ which we do up to dimension ten. 

> ■ 

I^ , Terminal and canonical singularities. Terminal singularities were introduced by Reid, and 

^D i are unavoidable in birational geometry |Rei83j . They form the smallest class of singularities 

• [ that must be allowed if one wishes to construct minimal models in dimensions three or more. 

f— ^ I Canonical singularities can be regarded as the limit of terminal singularities; they arise naturally 

f^ I as the singularities occurring on the canonical models of varieties of general type |Rei83llRei87] . 

• • I In the context of toric geometry terminal and canonical singularities have a particularly 

elegant combinatorial description. We take this opportunity to fix our notation; for details 
see |Dan78j . Let M = Z"' be the character lattice of the algebraic torus (C^)'^, with dual lattice 
^.' N := Hom(M, Z). Write Nq := N ®i Q for the corresponding rational vector space. A toric 

singularity corresponds to a strictly convex rational polyhedral cone a c ATq. The cone a is 
terminal if and only if: 

(i) the primitive lattice points pi, . . . ,pm corresponding to the rays of a are contained in 

an affine hyperplane H^ '■= {v e Nq \ u[v) = 1} for some u e Mq; 
(ii) with the exception of the origin and the generators pi of the rays, no other lattice 
points of N are contained in the part of a on or under Hu, i.e. 

N na n{v e Nq\ u{v) ^ 1} = {0, pi, . . . , pm}- 
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2 A. M. KASPRZYK 

The cone a is canonical if and only if ^ holds and 

(ii') the origin is the only lattice point contained in the part of a under H^^ i.e. 

N na n{ve Nq\ u{v) < 1} = {0}. 

When the hyperplane H^ in condition ([!]) corresponds to a lattice point u e M, the singularity 
is Gorenstein. 

Weighted projective space. Let (Aq, Ai, . . . , A^) e Z!^q and define 5(Ao, Ai, . . . , A„) to be 

the polynomial algebra C[xo,a;i, • • • ,x„] graded by degXj = Aj. The projective variety 

P(Ao, Ai, . . . , A„) := Proj (5(Ao, Ai, . . . , A„)) 

is called weighted projective space. Since S'(Ao, Ai, . . . , A„) = S{kXQ, kXi, . . . , A;A„,) for any posi- 
tive integer k, we require from here onwards that the weights (Aq, Ai, . . . , A„) are coprime. 

Weighted projective space can also be defined in terms of a group action: let C^ act on C"^^ 
via 

/i- {xo,Xi,...,Xn) = {fi^°Xo,fl^'^Xi,...,fl^"Xn). 

Then P(Ao, Ai, . . . , A„) is given by the quotient (C"+^\{0})/C^ . For details see |Dol82[[lFnn] . 

Any toric variety X determines, and is determined by, a fan A in the lattice A'^; see |Dan78j . 
Two toric varieties Xi and X2 are isomorphic if and only if the corresponding fans Ai and A2 
are isomorphic with respect to some element of GL„(Z). The fan of weighted projective space 
can be characterised as follows. Let {po, pi, . . . , pn} '^ N he a set of n + 1 primitive lattice points 
such that: 

(i) Aopo + Aipi + . . . + XnPn = 0, where Aj e Z>o, gcd{Ao, Ai, . . . , A„} = 1; 
(ii) the Pi generate the lattice N. 
Then, up to isomorphism, the complete simplicial fan A with rays generated by the pi corre- 
sponds to P(Ao, Ai, . . . , Xn) |BB921 Proposition 2]. Notice that the convex hull 

P = conv{po, Pl,...,Pn} ^ Nq 

is a lattice n-simplex. By a slight abuse of terminology, we refer to any simplex P c Nq with 
primitive vertices satisfying Q and ^ as the simplex associated with P(Ao, Ai, . . . , A„); in other 
words, we consider simplices only up to G-L„(Z)-equivalence. The weighted projective space has 
at worst terminal singularities if and only ii P n N = vert(P) u {0}, and has at worst canonical 
singularities if and only if the origin is the only interior lattice point of P, that is P° n N = {0}. 

If we drop condition dn]), allowing the pi to generate a finite index sublattice of N, the 
resulting toric variety is called a fake weighted projective space |Buc08l IKas09j . In this case P is 
a Fano simplex: a simplex containing the origin in its strict interior, and with primitive vertices 
(see |KN12j for a survey of Fano polytopes). Terminal fake weighted projective spaces are in 
bijective correspondence with one-point lattice simplices. 

We will make one additional assumption on the weights (Aq, Ai, . . . , A„) e Z"q . We assume 
henceforth that they are well-formed, that is, that for each subsequence of length n, 

gcd-^ Ao, . . . , Aj_i, Aj, Aj+i, . . . , A„ [ = L 
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Table 1. The number of isomorphism classes of terminal Gorenstein weighted 
projective space in dimension n. 

Dimension n3456789 10 

Number of weights 1 2 4 18 135 1342 21703 591540 

In the context of toric geometry this is not a restriction: since the pi are primitive lattice 
elements, any coprime weights are necessarily well- formed. 

Dimensions three and four. The three-dimensional weighted projective spaces with at worst 
terminal singularities were classified in |Kas06aj : the canonical classification was derived in 
[KaslOj . There are, respectively, 7 and 104 isomorphism classes. 

We classify four-dimensional weighted projective spaces in ^ Up to isomorphism, we find 
28,686 weights giving at worst terminal singularities, and 338,752 weights giving at worst canon- 
ical singularities. The maximum degrees and sum of weights in the two cases are recorded in 
Theorems 13.51 and 13.61 respectively. The terminal case is particularly interesting, suggesting a 
conjectural form for the terminal weighted projective space of largest degree in dimension ^ 4 
(see Lemma [3. 71 and Remark l3.8p . Finally, in Theorem 13. 121 we give a classification, up to equiv- 
alence, of all one-point lattice simplices in dimension four; equivalently, all four-dimensional 
terminal fake weighted projective spaces. 

Gorenstein ■weighted projective space. Gorenstein weighted projective spaces give rise to 
reflexive simplices, that is, simplices P whose dual P^ := {u e Mq \ u{v) ^ — 1 for all v e P} is 
also a lattice simplex. They have been studied in some detail: the duality of reflexive polytopes 
gives rise to mirror-symmetric Calabi-Yau varieties as general hypersurfaces in the corresponding 
toric varieties |Bat941 rKS02j . The possible weights are characterised by unit partitions, that is, 
sums of the form 1/fco -l- . . . -t- 1/kn = 1. Using this description, Nill |Nil07j was able to derive 
expressions for the maximum degree and maximum sum of weights in terms of the Sylvester 
sequence. These bounds are sharp in the canonical case. 

In ^we concentrate on Gorenstein weighted projective spaces with at worst terminal singu- 
larities; essentially nothing is known about the behaviour of this important subclass of reflexive 
polytopes. Their classification in dimensions four and five are derived in Theorems 14.61 and 14.71 
respectively. Higher dimensional classifications, produced with the aid of a computer, form 
the focus of ^ In contrast with the canonical case, the number of isomorphism classes and 
maximum degree grow remarkable slowly, as illustrated by Tables [T] and 

2. Terminal and canonical weighted projective space 

We begin by establishing conditions on the weights when the corresponding weighted projec- 
tive space is terminal or canonical. In order to do this, we will require the following notation: 

Definition 2.1. Let g e Q. The integer part of q is given by [q\ := max{o e Z \ a ^ q}, and the 
fractional part of q is given by {q} := q — [q\. 
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Definition 2.2. Given weights (Aq, Ai, . . . , A„) e Z"q , we denote the sum by: 



/i := Ao + Ai + . . . + A„. 
Proposition 2.3. Let (Aq, Ai, . . . , A^) e Z>o be well-formed. The weighted projective space 



\o, Ai, . . . , A„,) has at worst terminal singularities if and only i/XiiLo {AiV^} e {2, . . . , n 
for each k e {2, ... ,h — 2}. 



1} 



Proof. This is a generalisation of |Kas06al Proposition 1.4]. Let P cz Nq be the n-simplex 
associated with X = P(Ao, Ai, . . . , A,i), so that the spanning fan of P with n + 1 rays Q^oPi 
defines X as a toric variety. By |BB921 Proposition 2] we have that vert(P) generates the lattice 
N; moreover since XqPo + Mpi + . . . + )^nPn = we can write any lattice point as a sum of 
positive multiples of the pi . 

Let (f : Z,^^^ -^ N he the map given by sending the standard basis of Z"^"^ to the vertices of 
P, so if : Ci ^^ Pi-i. We equip Z"^^^ with a grading u = (1, 1, . . . , 1) e Hom(Z'^'''^,Z), and refer 
to u{v) as the height of v. Let 



Z :-- 



yn+l 



+ ( t(AO) Ai, . . . , A„) 



be the overlattice of Z"^"'^ generated by introducing the rational vector 7^(Ao, Ai, . . . , A„), with 
inclusion map l : Z"+^ ^^ Z. We have that (/? (^(Aq, Ai, . . . , A„)) = £ A^, and ip induces a 
bijection between the points {v e Z \ u{v) = 1} at height one and N. 

Define V := conv{0, ei, . . . , Cn+i, ei + . . . + e^+i} to be the parallelepiped in Z""*"^ generated 
by the standard basis elements. By making the appropriate identifications, we regard T' as 
a fundamental domain. Set T := l{T') to be the corresponding image in Z. The non-vertex 
lattice points oi P n N are in bijective correspondence with the height-one points {v e T n Z \ 
u{v) = 1}. The lattice points in T not identified with the origin are generated by multiples 
K X -^(Ao, Ai, . . . , A„), where k e {1, . . . ,h — 1}. We shall show that the representatives of these 
multiples in T are all non-zero and distinct. 

Suppose that there exist k;i,k;2 e {0, 1, . . . , /i — 1}, ki > H2, such that the multiples kj x 
^(Ao, Ai, . . . , A„), j = 1,2, identify with the same point in T. Then {AjKi//i} = {XiK2/h} for 
each i e {0, . . . , n}. Hence 



(ki - K2) 



Ai 
h 



AjKl 

h 


- 


AiK2 

h 



^>0; 



and so h \ (ki — K2)Xi, for each i. Since gcd{Ao, Ai, . . . , A^} = 1 there exist /Xj e Z such that 
/ioAo + AtiAi + . . . + Pn^n = 1- In particular, 

n 
Yj IJ-iif^l - «^2)Ai = Ki- K2, 
j=0 



and so /i I Ki — K2- But this implies that ki ^ h, a contradiction. 
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When K = 1 we recover the origin in P. Notice that {Xi/h} j^ for any i e {0, . . . ,n}, so 
{Ai(/i-l)//i} = l-{V/i}, giving: 

Hence when k = h — 1 we have a point in F at height n. Conversely suppose that k is such that 
the corresponding point in F is at height n. Since {Ajk//i} < 1 it follows that {Ajk//i} j^ for 
any i e {0, . . . , n}. We see that 

Since none of the remaining points given by k e {2, . . . , /i — 2} can correspond to either the origin 
of P or to a vertex of P, the result follows. D 

Proposition 2.4. Let P(Ao, Ai, . . . , A„) have at worst terminal singularities. Then 

gcdj Ao, . . . , Aj_i, Aj, Aj+i, . . . , Aj_i, Xj, Aj+i, . . . , A„ ^ = 1 

for all sequences of n — 1 weights given by omitting Aj and Xj, where ^ i < j ^ n. 

Proof Set m = gcdJAo, • • • , Aj-i, Aj, Aj+i, . . . , Aj_i, Aj, Aj+i, . . . , A„|. We have: 

Ai A,- Y^ Afc 

—pi + -^pj = - > — Pk e N. 
m m ,'—^ m 

Since the weighted projective space is terminal the triangle with vertices {0,pi,pj} is lattice 
point free, thus there exists an element of GLn{'L) sending pi i-^ ei and pj i-^- 62- Hence it must 
be that m \ Aj and m\ Xj. Since the weights are coprime, m = 1. D 

The proof of Proposition 12.31 generalises to the canonical setting: 

Proposition 2.5. Let (Aq, Ai, . . . , A„) e Z"q be well-formed. The weighted projective space 
P(Ao, Ai, . . . , A„) has at worst canonical singularities if and only if^Ji^Q {Xin/h] e {1, . . . , n — 1} 
for each k e {2, ... ,h — 2}. 

Proof. The proof parallels that of the terminal case, with the exception that P may contain non- 
vertex lattice points on its boundary dP. These points correspond to those height-one multiples 
of 7;;(Ao, Ai, . . . , A„) such that {Ajk/Zi} = for some i e {0, . . . , n}. We have already seen in the 
proof of Proposition 12.31 that if k is such that the corresponding point in F is at height n, then 
h — K gives a point at height one. Furthermore, {Xi{h — n)/h] = 1 — {Ajk/Zi} 7^ 0. Conversely, if 
K corresponds to a point in F at height one such that {Ajk/Zi} i= for all i e {0, . . . , n}, we see 
that h — K gives a point at height n. D 

As a consequence of Proposition 12.51 we have a combinatorial proof of the following: 
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Corollary 2.6. Let (Aq, Ai, . . . , A^) e Z!^q be well-formed, and let P a Nq be the n-simplex 
associated with the corresponding weighted projective space. If Xj \ h then 

conv{Fj u {0}) nN = {Fj n N) u {0}, 

where Fj := conv{po, • • • , Pj-i,Pji Pj+i, • • • ; Pn} is the facet of P not containing pj. 

Proof. Suppose that v is a non-zero, non-vertex lattice point in P. The ray from the origin 
through V intersects the boundary of P at some (possibly rational) point v e dP. In particular, 
V must lie on some facet Fj of P, so that there exist non-negative rational coefficients /3j e Qj-o 
such that: 



^ PiPi, where ^ /3i = 1, f3j = 0. 



V = 

i=0 j=0 

Let < a/6 ^ 1, gcd{a, 6} = 1, be such that v = {a/b)v + (1 - a/b)0. Then: 

By Proposition 12.51 we know that there exists k e {2, . . . , /i — 2} such that: 

By uniqueness of barycentric coordinates, the coefficients in equations ()2.ip and ()2.2p are equal. 
In particular, 

V| = /i _^\ ^ 

With a little rearranging we see that [Ajk//iJ 6/i = (6(k — 1) + a) Aj, and so bh \ {b(K — 1) -I- a) Aj. 

Now suppose that \j \ h. Then there exists m e Z>o such that h = mXj. In particular, 

bm I 6(k — 1) -|- o and so 6 | a. But gcd{a, 6} = 1, so a = 6 = 1 and v = v; i.e. v e -Fj. D 

Remark 2.7. Recall that P is reflexive if and only if Aj | /i for each i e {0, ...,n} (see, 
for example, |CK99l Lemma 3.5.6]). An immediate consequence of Corollary 12.61 is that any 
Gorenstein weighted projective space has at worst canonical singularities (of course this is known 
to be true more generally for all Gorenstein toric vareities |Rei80l Corollary 3.6]). 

Connections with Ehrhart theory. The proofs of Propositions 12.31 and 12.51 have natural 
interpretations in terms of Ehrhart theory. Let (Aq, Ai, . . . , A„) e Z"q be well- formed and let 
P be the n-simplex associated with the corresponding weighted projective space. Define: 



6,:- 



K e {0, . . . ,h 



I " r 

i=0 ^ 



XiK 
h 



Then Xij=o ^j ^ ^' ^^^ ^ -^ ("^Oi ^i) • • • i ^n) is the Ehrhart 5-vector (or /i*-vector) of P, that is, 

^' (l-t)"+i 

is a rational function whose power-series expansion Ehrp(i) = cq + cit + C2t^ + ... is a generating 
function for the number of lattice points in successive dilations Cm = \mP n N\ of P. 
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For a general lattice polytope Q a Nq, the 6i are known to satisfy certain conditions; 
see |BDLD"'"05| Theorem 3.5] for a concise overview. In particular, (5o = 1, (^i = IQ n A^| — n — 1, 
Sn = \Q° (^ -^1, and Yol{Q) = Xi^^o'^i- ^^ °^^^ setting we see that if P is terminal then 
6 = (1, 1,62, ■■■ , 6n-i, 1), and if P is canonical then 6 = (1, 81,62, ■ ■ ■ ,Sn-i, !)• 

Definition 2.8. We call a sequence of integers (ao,ai, . . . ,a„) shifted palindromic (or shifted 
symmetric) if oq = 1 and Oj+i = Un-i for each i e {0 . . . , n — 1}. 

Corollary 2.9 (cf. [KasOGal Corollary 1.5(ii)]). Let X = P(Ao, Ai, . . . , A„) have at worst canon- 
ical singularities, such that gcd{\i,h} = 1 for all i e {0,. . . ,n}. Then X has at worst terminal 
singularities, and the corresponding simplex P a Nq has a shifted palindromic 6-vector. 



Proof. Since 



if and only if h \ nXi if and only if 



h J gcd{Ai,/i} 

and since gcd{Aj, /i} = 1 by assumption, we conclude that {Ajk/Zi} i= for any ke {1, . . . ,h—l]. 
In particular this tells us that {\i{h — K)/h] = 1 — {Xin/h], and so 

1 = 1 ^ ■' 4 = ^ 

Hence 5j = 8^+1^ j and so P has a shifted palindromic (5- vector. Finally, since X is canonical we 
have that 5n = 1, hence 5i = 1 and so X is terminal. D 

Remark 2.10. Suppose that X = P(Ao, Ai, . . . , A„) is a terminal weighted projective space 
whose associated simplex P = conv{/9o, /Oi, ■ ■ ■ , Pn] has shifted palindromic (5- vector. Then the 
singularities of X can be regarded as being "as far from Gorenstein as possible" . By this we mean 
the following: Let Fi := conv{/9o, . . . , Pi~i,Pi, pi+i-, ■ ■ ■ , Pn} be the facet of P not containing pi. 
Then, in general, height(Fj) • Vol(-Fi) = Aj. By [HiglO Theorem 2.1] P has shifted palindromic 



(5-vector if and only if Vol(-Fj) = 1 for each i, hence P has shifted palindromic (5-vector if and 
only if each facet -Fj is at height Aj. This stands in contrast to the Gorenstein case, where every 
facet is at height one. 

3. Classifications in dimension four 

We are now almost in a position to classify all weighted projective spaces in dimension four 
with at worst terminal (or canonical) singularities. Before we can proceed, we require two 
additional results. First, jKas091 Theorem 3.5] provides an upper bound on the ratio Xi/h: 

Theorem 3.1 ( |Kas091 Theorem 3.5]). Let X = P(Ao, Ai, . . . , A„) be a weighted projective space 
with at worst canonical singularities, where the weights are ordered Aq ^ Ai ^ . . . ^ A„. Then, 
for any i e {2, . . . ,n}, we have: 

Xi 1 



h n — i + 2 
Furthermore, if X has at worst terminal singularities then the inequalities are strict. 
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For fixed h, Proposition 12.41 and Tlieorem 13.11 allow us to efficiently search through the can- 
didate weights. Proposed weights can then be tested using Proposition 12.31 (or Proposition 12. 5p . 
However, we still require a bound on h. 

In the three-dimensional terminal case, a bound /i ^ 30 was constructed in |Kas06aj via a 
recursive search. Armed with the terminal classification, |KaslOj extended this to a canonical 
classification via the so-called "minimal" simplices; this avoided the need to obtain a additional 
bound on h in the canonical case. Rather than attempting to mirror this approach in dimension 
four, we shall make use of a recently announced result of Averkov, Kruempelmann, and Nill. By 
using the techniques developed in |Avel2j , they were able to generalise the bounds on reflexive 
simplices established in [Nil07j : 

Definition 3.2. The Sylvester sequence is a sequence yi of positive integers defined by: 

2/0 := 2, ym := 1 + yo•••ym-l• 

We also define the sequence tm := ym — 1, for all m e Z^q. 

Theorem 3.3 (Averkov, Kruempelmann, and Nill). Let P c Nq be an n-simplex containing 
only the origin in its interior, i.e. P° n N = {0}. If n ^ 4 then 

Vol{P)^2tl_,. 

Furthermore this bound is sharp: Vol(P) = 2i^_j^ if and only if P is isomorphic to the reflexive 
simplex dual to P(l, 1, 2t„_i/y„_2, • • • , 2in-i/2/o)- 

When P c Nq is a polytope associated with weighted projective space, Vol(P) = h. An 
application of Theorem 13.31 gives the bound h < 3528 (the theorem allows us to exclude the case 
h = 3528). 

Remark 3.4. Notice that, for our purposes, Theorem 13.31 is not sharp. The simplices we 
consider are special in that their vertices generate the lattice A'^ |BB921 Proposition 2]. 

With the aid of a computer, a complete classification in dimension four is possiblqj: 

Theorem 3.5. Let (Aq, Ai, A2, A3, A4) e Z5,q be well-formed such that X = P(Ao, Ai, A2, A3, A4) 
has at worst terminal singularities. Then: 

(i) Up to reordering, there are precisely 28,686 possible weights; 
(ii) The maximum value h = 881 is attained only in the case (20,21, 123,287,430); 
(iii) The maximum degree {—Kx)^ = ^^ifm^ ^-^ attained only in the case (1, 1,6, 14,21). 

Theorem 3.6. Let (Aq, Ai, A2, A3, A4) e Z5^q be well-formed such that X = P(Ao, Ai, A2, A3, A4) 
has at worst canonical singularities. Then: 

(i) Up to reordering, there are precisely 338,752 possible weights; 

(ii) The maximum value h = 3486 is attained only in the case (41,42,498, 1162, 1743); 

(iii) The maximum degree {—Kx)^ = 3528 is attained only in the case (1,1,12,28,42). 



The source code and classifications are available froni|http : //grdb . Iboro . ac.uk/files/wps/dim4/ [ 
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Of course Theorem I3.6l!pli|) agrees with Theorem 13. 3i Whether the relationship between the 
weights of maximum degree in the terminal and canonical cases is coincidental, or whether 
it is indicative of a deeper result when n ^ 4, is unknown. We do note, however, that 
P(l, 1, tn-i/yn~2, • • • , tn-i/yo) is always terminal: 

Lemma 3.7. The weighted projective space X = P(l, 1, tn-i/yn-2-, ■ ■ ■ , tn-i/vo) of degree 

Vn-l 



i-Kx) 






is terminal, for n ^ 2, and the associated simplex in Nq has shifted palindromic 6-vector. 

Proof. When n < 4 we have P^ and P(l,l,2,3), both of which are terminal. Suppose that 
n ^ 4. We know from |Nil07l Theorem A] (or TheoremES]) that P(l, 1, 2tn-i/yn~2, ■■■, 2tn-i/yo) 
is Gorenstein. Set h' = 1 + 1 + 2t„_i/y„_2 + . . . + 2t„_i/yo- Then 2tn-i/yi \ h' for each 
i e {0 . . . , n — 2}. Now consider h = 1 + 1 + tn-i/yn-2 + . . . + in-i/yo- Since h' = 2h — 2, we 
conclude that: 

(3.1) ^^^ h-1. 

yi 

In particular, gcd{tn-i/yi,h} = 1. If we can show that X is canonical, the result follows by 
Corollary ^M 

Let Y = ¥{l,tn^i/yn~2, ■ ■ ■ ,tn-i/yo), where the weights are given by the Sylvester weight 
system of length n— 1. This has sum of weights h — 1, so by ()3.ip we see that Y is Gorenstein. 
In particular, Y is canonical. Let Px c A'q and Py c NL be simplices associated with X and Y, 
respectively, and suppose that there exists a non-zero lattice point v e Px° ■ We will show that 
this implies the existence of a non-zero lattice point in Py°, contradicting Y being canonical. 

This is straight forward. After suitable change of basis we may assume that 

vert(PY) = {ei, . . . , en, (-1, -t„_i/y„_2, ■ ■ ■ , -tn-i/yo)} , 
where the e^ are the standard basis elements for N . Similarly, we may assume that 

vert((5x) = {/l, • • • , /n-l, (-tn-l/yn-2, • • • , -tn-l/yo)} , 

where the fi are the standard basis elements for N' . Since the vertices of Px generate the lattice, 
we can write 

V = ^oei + Mie2 + . . . + Mn-lCn + Mn(-1, -tn-l/yn-2, ■ ■ ■ , -tn-l/Vo), 

for some fii > 0, Xil^o/^* ^ ^- Then 

v' = /ioO + fllfl + . . . + Hn-lfn-l + /Un(-in-l/yn-2, • • • , -tn-l/yo) 

= J] [l^i + ^0 "7^ _^. ] fi+ ifJ'n + l^OJ—^j {-tn-l/yn-2, ■■■,-tn-l/yo) 

is a non-zero lattice point in N' contained in the strict interior of Py- □ 
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Remark 3.8. When n = 3 the bound {—KxY ^ 72, with equahty given by P(l,l,l,3) and 
P(l, 1, 4, 6), was conjectured by Fano and Iskovskikh in the case when X is a canonical Gorenstein 
Fano variety, and proven by Prokhorov |Pro05j . It was also shown to hold in the case when X 
is a (not necessarily Gorenstein) canonical toric Fano variety in jKaslOl Theorem 3.6]. 

If n ^ 4 and X is a canonical Gorenstein Fano variety, the conjecture that {—Kx)^ ^ 2t^_^, 
with equality only in the case P(l, 1, 2i„_i/y„_25 • • • , 2i„_i/yo), was proposed by Nill |Nil071 
Conjecture 2.1]. The classification of the 4-diniensional reflexive polytopes |KS00j confirms this 
holds for all Gorenstein toric Fano 4- folds. 

In the terminal case, we notice that the largest degree for a terminal Gorenstein toric Fano 
4-fold is 800: this occurs only once, for the reflexive polytope 

conv{(l,0,0,0),(0,l,0,0),(0,0,l,0),(0,0,0,+l), (-1,-1, -1,-3)}. 

(In fact the corresponding toric variety is non-singular.) This does not contradict the obvious 
conjecture that the weighted projective space in Lemma 13.71 is the unique terminal toric Fano 
n-fold of maximum degree. 

One-point lattice simplices. Given the classification of terminal weights, it is possible to 
classify all one-point lattice simplices, up to lattice translation and change of basis. 

Definition 3.9. Let P a Nq be an n-simplex such that dP n N = vert(P) (such polytopes are 
often referred to as clean) and |P° n A^| = 1. Then we call P a one-point lattice simplex. 

Because of their natural combinatorial definition, one-point lattice simplices - and their gener- 
alisation to /c-point lattice simplices - have been studied extensively (for example, (RezSGl EezMl 
IDuoOSj ). They also have a natural interpretation in terms of toric geometry: After translation 
we may insist that P° n N = {0}, hence P corresponds to a terminal fake weighted projective 
space jBucOSl [Kas09j . That is, the spanning fan of P corresponds to a rank-one Q- factorial toric 
variety X with at worst terminal singularities. The three-dimension one-point lattice simplices 
were first classified in |Kas06aj in this context. 

Let vert(P) = {pQ,pi, . . . , pn} cz N. Since e P° there exists a (unique) positive collection 
of weights (Ao,Ai,. . . ,A„) e Z>o\ gcd{Ao, Ai, . . . , A„} = 1, such that Yd^o^iPi = ^ Define 
the multiplicity of P to be the index mult(P) := [iV : ZpQ + TLp\ + . . . + ZyO„] of the sublattice 
generated by the vertices. 

Theorem 3.10 f |BB92l[^^H02llBuc08l[Kas09] ). With notation as above, let Y = P(Ao, Ai, . . . , An] 
with associated simplex Q c A^q. Then: 

(i) X = Y if and only if mult (P) = 1; 
(ii) X is the quotient of Y by the action of a finite group of order mult(P) acting free in 

codimension one; 
(iii) There exists a Hermite normal form H with determinant det{H) = mult(P) such that 

P ^ QH; 
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(iv) If P is terminal (resp. canonical) then Q is terminal (resp. canonical) and 

Ln— 1 \ 

mult(P) ^ — = ^{-Kyr. 

A1A2 ■ ■ ■ An n 

Remark 3.11. A consequence of Theorem 13. 101 is that Vol(P) = inult(P)Vol((5). Duahsing we 
obtain {—Kx)^ = (— -fCy)'^/mult(P). Hence the maximum degree amongst ah fake weighted 
projective spaces of fixed dimension and prescribed singularities is always attained by a weighted 
projective space Y . 

Theorems 13.51 and 13.101 allow us to make a complete classification of all four-dimensional one- 
point lattice simplices (or, equivalently, all four-dimensional terminal fake weighted projective 
spaces). We summarise this classificatioro: 

Theorem 3.12. There exist 35,947 equivalence classes of one-point lattice A-simplices. 

(i) Exactly 7,261 of these equivalence classes have mult(P) > 1. 
(ii) The largest occurring multiplicity is 41; this happens only in the case 

conv{(l, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (3, 10, 28, 41), (-4, -11, -29, -41) } 

with weights (1, 1, 1, 1, 1). 
(iii) The largest occurring volume is 881; this volume is obtained exactly once, by the simplex 
corresponding to P(20, 21, 123, 287, 430). 

That the bound on the volume given by Theorem l3.5l!JiH) and by Theorem I3.12l|ii]| agree is 
unexpected. We observe that the simplex has shifted palindromic (5-vector (1, 1,439,439, 1). 

4. Terminal Gorenstein weighted projective space 

Let (Ao, Ai, . . . , A.„) e Z"q be well-formed. In what follows we shall require that Aj | h for 
each i e {0, . . . , n}. Equivalently, the associated weighted projective space P(Ao, Ai, . . . , A„) is 
Gorenstein, that is, that the corresponding n-simplex P cz Nq is reflexive. 

Definition 4.1. Suppose that Aj | h for each i e {0, . . . , n}. We define 

s{k) := \{ie {0, ...,n} | {Ajk//i} = 0}| . 

Lemma 4.2. Suppose that Aj | h for each i e {0, . . . , n}. Then: 

(i) SLo {A.(^ + 1)/M = Sti {A.«/M + l-s{K + 1); 
(ii) Silo {Mh - K)/h} = n + l- s{k) - Y^'-^q {Xin/h}. 

Proof. Set k = s{k+1). We may assume that, after possible reordering of the Aj, {Xi{K + l)//i} = 
for i e {0, . . . , A; - 1}. Then {Ajk/Zi} = 1 - Aj/Zi for each i e {0, . . . ,k-l}, and {Xi{K + l)//i} = 



The complete classification is available from |http : //grdb . Iboro . ac . uk/f iles/wps/dim4/ [ 
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{XiK/h} + Xi/h for each i e [k,. . . , n}. Hence: 



SP^ -SP^ +s 



h \ ^ \ h 



KM 4 






To prove (jn]), notice that: 

\i{h-K)\ { I- {XiK/h}, if {AiV^} 7^ 0, 



/i J jo, otherwise. 

Hence: 

i=0 ^ ^ i=0 ^ 



D 



Definition 4.3. Suppose that Aj | h. We say that k is a jump point for Aj if {Ajk//i} = 0, and 
that the jump points of Aj are of order ki, where /cj := h/Xi e TL. 

Corollary 4.4. Suppose that Aj | h for each i e {0, . . . , n} and that the corresponding Gorenstein 
weighted projective space has at worst terminal singularities. Then s(n) ^ n — 3 for all k e 
{2, ... ,h — 2}. In particular, 

II = icm-i KQ, . . . , ki—i, ki, ki-^-l, . . . , fcj,— i, kj, fej+i, . . . , k/— i, fc/, k^+i, . . . , k^l 

for all sequences of length n — 2 given by omitting ki, kj, and ki, where 0^i<j<l^n. 

Proof. By Proposition 12.31 we know that, for each k e {2, ... ,h — 2}, XiiLo {^i'^/^l ^ 2, hence 
s{k) ^ n — 3. As a consequence, 

n — 2 < icni-j kf), . . . , fej— i, ki, /Cj+i, . . . , kj^i, kj, kj^i, . . . , ki^i, ki, ki^i, . . . , k^} . 

But lcm{fco, . . . , kn} = h, hence 

n = icm-j Kg, ... , ki^i, ki, fcj+i, . . . , fej_i, fcj, fcj-(-i, . . . , fc;_i, fc^, fc;_i_i, . . . , fe^ >•. 

D 

Proposition 4.5. Ze^ (Aq, Ai, . . . , A„,) e Z"q 6e well-formed such that Xi \ h for each i e 
{0, ...,n}. The weighted projective space P(Ao, Ai, . . . , A„,) has at worst terminal Gorenstein 
singularities if and only «/XiILo {-^i'^/^l e {2, . . . , n — 2} for each k e {2, ... ,h — 3}. 

Proof. Since the Aj | h, we know that X = P(Ao, Ai, . . . , A„) is Gorenstein. Suppose that X has 
at worst terminal singularities. By Proposition 12.31 we know that 2 ^ '^^^oiKi^/h} ^ n — 1 
for all K e {2, . . . , /i — 2}. Suppose that ^^^q {Xin/h} = n — 1 for some kg {2, ... ,h — 3}. By 
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Table 2. The ten candidate values of k^, k^, and k-^ found in the proof of Theorem 14.71 



k5 


k^ 


ks 


h 


3 


4 


5 


60 


3 


4 


6 


12 


3 


4 


7 


84 


3 


5 


5 


15 


3 


5 


6 


30 



h 


A;4 


fes 


h 










3 


5 


7 


105 


4 


4 


5 


20 


4 


4 


6 


12 


4 


5 


5 


20 


4 


5 


6 


60 



Lemma HT2l| I|) we have that s{k + 1) +Xir=o {-^^(^ + 1)/^} = ^) ^'^d by Lemma H?2l|ii|) we see that 
Xir=o {-^«(^ — K — l)//i} = 1, which is a contradiction. 

Conversely suppose that Xir=o {^ii^/^} ^ {2, . . . , n — 2} for each k e {2, . . . , /i — 3}. In or- 
der to apply Proposition 12.31 and so conclude that X is terminal, we need to show that 
I]"=o{-^i(^-2)//i} e {2,...,n - 1}. Since S^^q {2A'//i} = 2, we conclude that s(2) = by 
Lemma IMHIl). Hence XiLo i^ii^ " 2)//i} = n - 1 by Lemma g^Jjii]) . D 

Theorem 4.6. If X = P(Ao, Ai, A2, A3, A4) is a four- dimensional terminal Gorenstein weighted 
projective space then X is isomorphic to either P'* or P(l, 1, 1, 1,2). 

Proof. Without loss of generality we shall assume that Aq ^ ••• ^ A4. Proposition 14.51 gives 
that Xii=o {^ii^/h} = 2 for k, e {2, . . . , /i — 3}. Applying this to Lemma l4.2l|ii|l yields s{k) = 1 for 
K e {3, . . . ,h — 3}, and that s(2) = 0. 

Suppose that /i ^ 6. Since s(3) = 1, it must be that the jump points for A4 have order 3. In 
particular, 3 | h. Let us assume for a contradiction that h ^ 9. Since s(2) =0 and s(4) = 1, and 
since the jump points for A4 have order 3 I 4, we have that the jump points for A3 must have 
order 4. Similarly, since s(5) = 1, we see that the jump points for A2 have order 5. Since 3 | h 
and 5 I /i we have that h ^ 15. But lcm{3, 4} = 12, which tells us that s(12) ^ 2, contradicting 
the requirement that s(12) = 1. 

Hence we have that h ^ 6. There are only two possibilities: either h = 5 or h = 6. In the 
former case we obtain Aq = . . . = A4 = 1, corresponding to P^. The latter case gives weights 
Ao = • • • = A3 = 1 and A4 = 2, corresponding to P(l, 1, 1, 1,2). D 

Theorem 4.7. If X = P(Ao, Ai, . . . , A5) is a five- dimensional terminal Gorenstein weighted 
projective space then X is isomorphic to one of¥^, P(l^,2^), P(l^,2^,3^), or P(l^, 2, 3, 4). 

Proof. We may assume that the weights are in increasing order, Aq ^ • • • ^ A5. With notation 
as above, let fej e Z be such that fejAj = h for each i e {0, . . . , 5}. Theorem 13.11 tells us that 
ki > 7 — i, for i e {2, 3, 4, 5}. In particular /cs > 2, A;4 > 3 and k^ > 4. Proposition 14.51 gives that 
Xij=o {^ii^/h} e {2, 3} for K e {2, . . . , /i — 3}, and Corollarv 14.41 tells us that h = Icmj/cs, /c4, ^3}. 

We shall assume that A5 7^ 1. Thus we have that h ^ 7. If /C5 > 4 then, by Lemma |4. 2 U p]). 
Xii=o {^^i/f^} = 4 > 3, a contradiction. Hence ^5 = 3 or 4. 

k5 = 3: We have that 3 | h, and so /i ^ 9. Now XlLo i^i^/^} ^ 3 for k e {2, . . . , 6}. If 
A;4 ^ 6 then Xii=o {5Aj//i} = 4. Hence A;4 = 4 or 5. 
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Table 3. The seventeen candidate weights for the Gorenstein weighted projec- 
tive spaces in dimension 5 with at worst terminal singularities, as found in the 
proof of Theorem 14.71 



Ao 


Ai 


A2 


A3 


A4 


As 


h 
















1 




1 


1 


1 


1 


6 


1 




1 


1 


1 


1 


6 


1 




1 


1 


2 


2 


8 


1 




1 


2 


3 


4 


12 


1 




2 


2 


3 


3 


12 


2 


2 


2 


4 


5 


5 


20 


1 


3 


5 


5 


6 


10 


30 


2 


2 


5 


5 


6 


10 


30 


3 


3 


3 


5 


6 


10 


30 



Ao 


Ai 


A2 


As 


A4 


As 


h 
















1 


2 


10 


12 


15 


20 


60 


1 


6 


6 


12 


15 


20 


60 


2 


5 


6 


12 


15 


20 


60 


3 


4 


6 


12 


15 


20 


60 


3 


5 


5 


12 


15 


20 


60 


3 


10 


10 


10 


12 


15 


60 


4 


4 


5 


12 


15 


20 


60 



ki = 4: Since 3 | /i and 4 | /i we have that h ^ 12. If ^3 ^ 8 then XiLo {7Ai//i} = 4. 

Hence k^ = 5, 6, or 7. 
ki = 5: In this case we see that h ^ 15. If A;3 ^ 8 then Xii=o {'''Aj/^} = 4. Hence 
/ca = 5, 6, or 7. 
/cs = 4: We have the 4 | /i and so /i ^ 8. Now if A;4 ^ 6 then Ym.=o {5Ai//i} = 4. Hence 
A;4 = 4 or 5. 

ki = 4: Suppose that A3 ^ 1. Then h ^ 12. If /i3 ^ 7 then Xij=o {6Aj//i} = 4. Hence 

/ca = 5 or 6. 
k^ = 5: We have that h ^ 20. In /cs ^ 7 then XiLo {6Ai//i} = 4. Hence ^3 = 5 or 6. 

These results are summarised in Table [21 

Knowing /i, the values of A5, A4 and A3 are trivial to calculate. Hence we also know the value 
of the sum Aq + Ai + A2. Since A2 < /j/5 by Theorem 13. 11 A2 ^ A3, and Aj | /i, it is an easy task 
to calculate all possible values Aq ^ Ai ^ A2. 

For the sake of completeness we shall reproduce this calculation here in two cases, leaving the 
remainder to the reader. 

h = 84: We have that k^ = 2,, k^ = 4, and k^, = 7. Hence A5 = 28, A4 = 21, and A3 = 12. 

This means that Aq + Ai + A2 = 23, and Aq ^ Ai ^ A2 ^ A3 = 12. The only possibility 

is Ao = 4, Ai = 7, and A2 = 12. 
h = 105: We have that k^ = 3, k^ = 5, and k^, = 7, giving A5 = 35, A4 = 21, and A3 = 15. 

We have that Aq + Ai + A2 = 34, with Aq ^ Ai ss: A2 ^ A3 = 15. Since the only positive 

integers dividing 105 which are at most 15 are 15, 7, 5, 3, and 1, we see that a total 34 

cannot be made. Hence we must rule out this possibility. 

The case when /i = 15 is similarly impossible. The resulting candidate weights are collected 
in Table [3l All but five of the weights fail to satisfy Proposition 12. 4[ in order to rule out the 
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case (1, 3, 5, 5, 6, 10) we notice that lcm{30/5, 30/5, 30/10} = 6 7^ 30, contradicting Corollary 14. 4i 
Finally, the remaining four weights can be verified to be terminal by Proposition 14.51 D 

5. Computer-generated classifications in higher dimensions 

Our aim is to construct well- formed weights Aq ^ Ai ^ . . . ^ A„, Aj | /i, such that the 
corresponding Gorenstein weighted projective space has at worst terminal singularities. We 
begin by establishing bounds on the ki. 

Corollary 5.1. Let X = P(Ao, Ai, . . . , A„) be a terminal Gorenstein weighted projective space 
with Xn ^ Xi, Xn ¥= 1- Then kn ^ n — 1 . 

Proof. We know that Xir=o {-^«/^} = 1- Since A„ 7^ 1 we know that h ^ n+2. Hence h—3 ^ n—1. 
Proposition 14. 51 tells us that XilLo l-^*'^/^} ^ n — 2 for k e {2, . . . , n — 1}. Hence, by Lemma Iir2l| i|l. 
there must exist a k e {2, . . . , n — 1} such that s(k) > 0. In particular, A;„ ^ n — 1. D 

The following proposition can be used to provide an inductive bound on the ki. Notice that 
the statement makes no distinction between terminal and canonical cases. 

Proposition 5.2 ( |Kas06bt Theorem 9.8.4]). Suppose that P(Ao, Ai, . . . , A„) is a Gorenstein 

weighted projective space, with weights Aq ^ Ai ^ . . . ^ A„. Then 

i + 1 
h=^ n , forie {0,...,n}. 

Proof. We shall prove by induction that: 



(5.1) (^ + 1) n ^^-^ n ^J- S n ^0^^' fo^alHelO, 

Mi 

Recall that h = Xir=o '^i^ ^° that: 

(5.2) 2-i = l. 
Rearranging gives us: 



,n 



i=o^^ 



Collecting together the ko terms gives what will form the base case of our induction: 

n / ^ n n \ 

Now suppose that, for some tti e {0, . . . , n — 1}, we have: 

n / n n n \ 

{m + 1) Yi h^i Yl ki- Y, Yi kjjkm. 

i—m+l \i=m+l i—m+lj—m+1 / 

jjti 
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Since km ^ ^m+i > we obtain: 

n n n n 

{m + l) Y\ h^ Y\ h- Y, n ^r 

i—m+2 i=m+l i=m.+ l j=m+l 

Collecting together the k^+i terms on the right of the inequality gives: 

n / n n n X 

im + 2) Yl ki^ i Yl '^i- Ti n kj\km+i. 

i=m.+2 \ i—m+2 i=m+2j=m.+2 / 



Thus we have proved (|5.ip . 

Finally, observe that ri?=i+i ^j > 0, and so (j5.ip gives us: 






Now k^ > 0, and so equation (|5.2p tells us that the term in parenthesis is positive. Dividing 
through yields the result. D 

We will assume that n ^ 3 and that A^ > 1 (so that the weights corresponding to P" are 
excluded from what follows). It makes sense to split the computation of possible weights into 
two parts: first we calculate the possible values for kn ^ kn-i ^ . . . ^ k-y, second, we calculate 
the values for A2 ^ Ai ^ Aq. 

The possible ki, i ^ 3, are calculated inductively. Theorem 13.11 provides the general lower 
bound ki ^ n — i + 3, Corollarv 15.11 provides an upper bound for /c„, and ki, i ^ n is bounded 
above by Proposition 15.21 

3 ^ /c„ ^ n — 1 , 

i + 1 
max{A;i+i,n — i + 3} ^ /cj ^ , for i £ {3, ... ,n — 1}. 

By exploiting the fact that k^ ^ kn-i ^ . . . ^ /cq is an increasing sequence, the upper bound 
maxj for ki can potentially be refined. By Lemma l4.2l |i|) we know the value of XilLo {^ii^/^} fo^" 
K e {2, . . . , fcj+i — 1}. We can attempt to extend this range out to maxj — 1 and look for the first 
contradiction to Proposition 12.31 or Proposition 14.51 We describe this process in psedo-code: 
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Table 4. The eighteen possible weights for terminal Gorenstein weighted pro- 
jective space in dimension six. 



^0 


M 


A2 


A3 


M 


^5 


^^6 


n 


























1 


1 


1 


7 










1 


1 


2 


8 










1 


1 


3 


9 










2 


2 


2 


10 










1 


3 


4 


12 










2 


2 


4 


12 










2 


3 


3 


12 








2 


2 


2 


3 


12 








1 


3 


3 


5 


15 



Ao 


Ai 


A2 


A3 


A4 


As 


As 


h 






















2 


2 


3 


3 


6 


18 






2 


2 


4 


5 


5 


20 






1 


3 


4 


6 


8 


24 






2 


3 


3 


6 


8 


24 






3 


3 


4 


4 


8 


24 




2 


3 


3 


3 


4 


8 


24 




2 


3 


3 


5 


6 


10 


30 


2 


2 


3 


3 


5 


5 


10 


30 


1 


3 


4 


5 


12 


15 


20 


60 



for K = 2 to maxi — 1 do 

for j = i + 1 to n do 
if kj I K then 

end if 
end for 

if S" > ?7 1 and k < maxi — 2 then 

maxi <— K + 2 
else if S* > ?2 2 and k < max^ 3 then 

maxi <— K + 3 
else if 5* < 2 and k < max^ — 2 then 

maxi <^ K + 2 
end if 
end for 



Once a choice of A;.„ ^ /;;-«- 1 ^ • • • ^ ^3 has been made, h can be recovered by Corol- 
lary 14.41 Hence A„ ^ A„_i ^ . . . ^ A3 and the sum Aq + Ai + A2 are known. Calculating the 
possible choices for A2 ^ Ai ^ Aq is then a finite search. Of course the resulting candidate 
weights (Ao, Ai, . . . , A„) might not correspond to a terminal weighted projective space: this can 
be checked using Proposition [ 



Theorem 5.3. Let X be a six- dimensional terminal Gorenstein weighted projective space. Up 
to reordering, X has one of the eighteen weights given in Table [7} 
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Table 5. The weights of the terminal Gorenstein weighted projective space in 
dimension n that achieve the maximum degree {—Kx)""- 



n 


i-Kx}^ 


Weights 


4 


648 


(1,1,1,1,2) 


5 


10368 


(1,1,1,2,3,4) 


6 


331776 


(1,1,1,3,4,6,8) 


7 


49787136 


(1,1,1,6,12,14,21,28) 


8 


21781872000 


(1,1,4,10,15,60,84,105,140) 


9 


340424620687872 


(1, 1, 1, 42, 84, 258, 516, 602, 903, 1204) 


10 


23029100604532998144 


(1, 1, 1, 156, 312, 1884, 3768, 6123, 8164, 12246, 16328) 



Table 6. The weights of the terminal Gorenstein weighted projective space in 
dimension n that achieve the maximum value of h. 



n 


h 


Weights 


4 


6 


:i,i,i,i,2) 


5 


12 


:i,l,2,2,3,3) 
:i, 1,1, 2, 3, 4) 


6 


60 


;i, 3, 4, 5, 12, 15, 20) 


7 


140 


;i, 2, 5, 14, 20, 28, 35, 35) 
;i, 4, 7, 10, 20, 28, 35, 35) 


8 


1260 


;i, 4, 20, 45, 63, 140, 252, 315, 420) 
;i, 9, 20, 28, 35, 180, 252, 315, 420) 


9 


12012 


;i2, 13, 21, 44, 273, 924, 1716, 2002, 3003, 4004) 


10 


427812 


^1, 2, 462, 924, 9723, 15279, 19446, 61116, 71302, 106953, 142604) 



The number of terminal Gorenstein weighted projective spaces grows surprisingly slowljQ. 
Table [1] records this growth; the largest degree {—Kx)^ and corresponding weights are recorded 
in Table [Sj the weights attaining the largest occurring value of h are recorded in Table El 
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